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1. MoDERN electrical theory based on MAXWELL'S concept of an sethereal displacement
current, is generally regarded as being sufficiently complete in itself to cover all
actions so far revealed to us, if we exclude those intra-atomic phenomena which
probably involve some additional but not necessarily inconsistent action in their
working. There, still, however exists a good deal of uncertainty as to the actual
results of the development of this theory in certain directions, and no account has yet
been taken of the great degree of latitude allowed by it in its simplest and most
general form. For example, in most presentations of the theory of energy streaming
in the elegtromagnetic field the discussion is given in a way which might lead one to
believe that PovNTiNG's form* of the theory is the only one conceivable. A single
alternative has on one occasiont been suggested, but rather as an improvement on
PovyNTING’S form than as an indication of its uncertainty. Whilst it cannot be denied
that PovynTiNG’s theory is probably the most appropriate one yet formulated, yet it
must be recognised that there are an infinite number of fundamentally different forms
each of which is itself perfectly consistent with MAXwELL'S theory as expressed in his
differential equations of electromagnetic interaction.

Again, but now we are on a different plane, it has usually been stated that
MAXWELL'S theory is not of sufficient generality to cover the cases where there exists
the complication of non-linear induction in ferromagnetic media.} This view appears
to have originated with the idea that the magnetic force is the fundamental sethereal
vector of the magnetic field, whereas, as a matter of fact, the only consistent view §
of the energy relations of such a field leads to the conclusion that the magnetic
induction is the true sethereal vector, the magnetic force being an auxiliary vector

* ¢Phil. Trans.,” A, vol. 175 (1884).

t MAcCDONALD, ¢ Electric Waves,” Chs. IV., V., VIH

1 This is the view of practically all Continental writers on this subject.
§ Cf. ¢ Roy. Soc. Proc.,” A, vol. 93, p. 20 (1916).
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208 , MR. G. H. LIVENS ON THE

derived in the process of averaging the minute current whirls into their effective
representation as a distribution of magnetic polarity.*

Further, the expression for the forcive of electromagnetic origin acting on the
elements of a polarised medium still seems to be the subject of some doubt.
"MaxwgLLt derives an expression in the magnetic case by statical considerations
based on the method of energy, and then seems to regard it as generally valid under
all circumstances. Objection has however been taken to MAXWELL'S expression
by certain writers who, basing themselves on the presumed analogy between the
dielectric and magnetic cases, prefer a form of expression differing from MAXWELL'S
by a quantity which vanishes in the statical case considered but which is of funda-
mental importance in the derived problem of reducing the general forcive of
electrodynamic origin to a representation by means of an imposed stress system. It
appears in fact that the presence of this extra part in MAXWELL'S expression is
effective in securing the ordinary expression for the subsidiary term arising in the
induction, which has given rise to the conception of electromagnetic momentum, on
account of its being a perfect time differential. In the alternative form of the theory
the perfect time differential is not secured so that the idea of electromagnetic
momentum is lost.f In his edition of MAXWELL'S treatise, J. J. THoMsoN adds a note
attempting to justify MAXWELL’s form of the expression, but his discussion can easily
be shown to be erroneous, for he fails to distinguish between the true and complete
currents of the theory, the latter containing a constituent, viz., the rate of change of
eethereal displacement, which is not affected by the magnetic part of the complete
electromagnetic forcive; nevertheless, the later discussions of the question from the
. point of view of the theory of electrons have confirmed MAXWELL’s original expression
for the magnetic forcive, but they apparently still give the alternative expression for
the dielectric case. .

It was with the view to clearing up these and certain other difficulties that the
present discussion was undertaken, the object aimed at being the formulation of a
complete and precise statement of the theory in the only form in which it is logically
consistent, then to compare this form with current statements of the theory,§ and ‘
finally to exhibit in their true aspects the various derived theories which are included
in the general scheme. The original differential theory will be linked up with the
subsequent dynamical theories by a discussion in its most general form of the derivation

* Cf. LARMOR, ‘Roy. Soc. Proc.,” vol. 71 (1903), “On the Mechanical and Thermal Relations of the
Energy of Magnetisation.” '

T ¢Treatise,’ II., Ch. IL

1 Cf. LeaTHEM, * Roy. Soc. Proc., A, vol. 89 (1913), p. 34. In this note Mr. LEATHEM attempts to
avoid the discrepancy by adding a new term to the force in the elementary polar theory. His only
argument in favour of this force is that it overcomes the difficulty, so that it is not very convincing.

§ A complete statement of the fundamental results of the theory so far as they existed up till 1916 is
given in my treatise, ¢ The Theory of Electricity ’ (Cambridge, 1918). The present paper may be regarded
in some measure as a correction and generalisation of the statement there given.
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of the fundamental equations based on the principle of Least Action, in the course of
which certain inconclusive aspects of this derivation present themselves for
consideration.

2. A complete statement of MAXWELL’s theory as originally given and in the form
which will include most of the recent extensions depends on certain field vectors
which first require consistent and independent definition. These vectors :—

(@) E, the electric force, defined at any point of the field as the vectorial ratio to a
small electric charge of the force acting on it when placed at rest in that position.
When the point under consideration is inside the matter in the field there exists the
possibility of an additional contribution to this force due to local conditions of the
matter in the neighbourhood of the point, but for the present we shall disregard any
complication of this kind.

(b) C, the complete electric current; in the most general case this consists of
several distinct parts. Firstly, there is the differential drift of free ions constituting the
true conduction current and the material dielectric displacement current ; then there
is a part due to the convection of charged and electrically polarised media, and finally
the sthereal constituent essential and peculiar to MAXWELL's theory.

It has been definitely established that all but the last constituent of the current
are in themselves true movements of electricity, or at least effectively equivalent to
such, so that so long as we retain the definite concept of an electrical entity the
origin of these different constituents merely remains a matter of kinematics, and they
have, in fact, been fully dealt with on this basis.*

(c) H, the magnetic force, defined in a similar manner to the electric force, with
the aid of the concept of a magnetic pole, but now without the possibility of a local
contribution due to surrounding magnetic polarity if the point is inside the matter.

It is perhaps as well to emphasise the fact that both the electric and magnetic
forces are defined in a theoretical manner which almost excludes the possibility of
direct experimental verification. Electromagnetic measurements, particularly as
regards the fields inside the matter, are concerned almost entirely with matter in bulk,
and it is then only the mechanical or molar parts of these forces that are then under
observation, the local parts, if they exist at all, being balanced on the spot by other
forces of an origin not at present under review. We have however evidence that
these local parts of the forces do exist.

(d) B, the magnetic induction, which is defined in the elementary theory in
terms of the magnetic force H and the magnetic polarisation intensity I by the
relation

B = H+4#xl,
and which is always assumed to be subject to the relation
div B=o.

* (f. my ¢ Theory of Electricity,” p. 363.
262
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210 MR. G. H. LIVENS ON THE

In the dynamical theory, however, this vector B appears as the complete sethereal
magnetic force,* the part H being merely the mechanically effective part of this
force in the material media. This new conception of the magnetic force, which is
supported by such phenomena as the Hall effect, &c., where the deviations in ferro-
magnetic media are proportional to the induction,t is not really inconsistent with the
previous definition given under (¢) above. As there explained, although the vector H
is defined as the force on unit magnetic pole, there is still the possibility that there
may exist in addition a force (4wl) not directly detectable in a mechanical
experiment. .

(e) In addition to these fundamental field vectors there are certain others of a
subsidiary nature determining the electric and magnetic conditions in the media. One
of these, the magnetic polarisation intensity I, has already been introduced, and there
is an electric analogue in P, the dielectric polarisation intensity ; these two vectors
define respectively the effective resultant magnetic and electric bi-polar moments per
unit volume of the media.

8. MAXWELL'S theory may now be expressed in the statement that in the most
general case of interaction between the magnetic and electric fields the four
fundamental vectors defining these fields are subject to the two differential vector

equations

Curl H = 472,

dB

Curl E = — TR

Q=

together with the scalar relation defining the electric charge density p
div E = 4.
The second vectorial equation practically implies that
div B= 0,

so that it is hardly necessary to add this as an additional equation.
For the further development of the theory all that is now necessary} is the
kinematical specification of the current C in terms of the material vectors and an

* This was first clearly recognised by LARMOR. Cf. his papers “On a Dynamical Theory of the
Electric and Luminiferous Medium,” ¢ Phil. Trans.,” 1894-1897, or ¢ Ather and Matter’ (Cambridge,
1900).

T The results are interpreted usually as implying that the deviations are proportional to the polarisation
intensity in such cases, but this is equivalent to the statement given.

I We are not here concerned with the constitutional equations giving the laws of induction and
conduction. These form a separate branch of the subject, whose results are irrelevant to the present
discussion.
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expression for the rate of change of the magnetic force vector at any point of the
field. The first of these has the usual form

dD
C d ¢ + PV + CU
wherein C, is the density of the true conduction current, v, is the velocity of the material
medium at the typical field point, and

-1
D-—4—WE+P

1s the total dielectric displacement of MAXWELL'S theory which consists in part of the
dielectric polarisation P and in part of an eethereal constituent proportional to the
electric force.

The time rate of change of the composite vector D requires careful specification ; it
consists in the main of the terms

1dB_ dp

4w dt
but when the dielectric media are in motion there is in addition a term arising on
account of the convection of the polarisation. This term has been shown® to be
equal to

Curl [Py,],
so that
dD _ 1 dE olP
Olt 4 dt Olt + Curl [Pvm]

The equation expressing the rate of change of the magnetic force is analogously

dH dB-4 dl

il 7 —4m Curl [L,,].

This latter equation must be specially emphasised as it has apparently never yet
been explicitly introduced in the theory, although it is necessary to secure greater

consistency in the dynamical theory. The expression dl represents the rate of change

dt
of the magnetic polarisation at a fixed- point in the field only when the magnetic
media as a whole are at rest. When these media are in motion there will be a
contribution to this rate due to convection just as in the electric case, and the
argument for its exact form may be developed on the same lines. The vectors B and
H are, so to speak, attached to the sther, just as were the vectors D and E,T whilst

* (Of. my ¢ Theory of Electricity,” pp. 365-367, or LARMOR, ¢ Alther and Matter,’ Chap. IV.

1 The vector H being the composite vector of the magnetic theory is analogous to the vector D of the
electric theory ; the sethereal vector B is analogous to the aethereal vector Bl This is the reverse of the
usual convention, but see below § 10.
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212 MR. G. H. LIVENS ON THE

the vector I, as the vector P, is attached to the matter and moves with it. The last
two equations contain, therefore, an explicit expression of the effect of the motion so
that they are in a sense more convenient than the equations

D=-1E4+P, H=B—dsl
4ar .

defining merely the values of D and H at any point: they are, of course, ultimately
consistent with these equations for, taking the second one as an example, we have

d 5. _d g d o4 .
p div H = 7 div B—4#w 7 div—4ar div Curl [In,],
or
a

7 div (H—B+ 47rI) = Of

With the possible exception of the equation defining dH/d¢ it is now generally
agreed that the scheme here presented provides a completely effective specification of
the kinematical connexions in the electromagnetic field.

To obtain some idea of the effect of these connexions on the dynamical processes
operative in the field a further assumption is necessary, and this may take one of
several forms which will be reviewed in the sequel. For the present we are concerned
merely with these equations as effective representatives of the electromagnetic
processes. They are sometimes given another form, by the introduction of a scalar
potential ¢ and a vector potential A, these being such that

1 dA

B = Curl A, E= -2 —Oﬁ—gradqs,

with the other two equations

Curl H = .‘-EC’I O, divE = 4mp.

The first two of these equations are equivalent to the remaining fundamental
equation of MAXWELL'S theory which they replace, but they suffer from the serious
disadvantage that the quantities A and ¢ specified in them are not completely
defined by the equations as given and require additional data to fix them.

4. We have just noticed that an additional assumption of a dynamical character is
necessary to render the Maxwellian electromagnetic scheme completely effective as an
electrodynamic theory. The simplest and most direct form of this assumption may be
taken to be that expressing the force of electrodynamic origin acting on an arbitrarily
moving element-of charge, this force being, per unit charge equal to

F= E+%[VB]
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v being the velocity of the charge and square brackets being employed as throughout
to denote the vector product. This expression, first given in its complete form by
LoreNTZ and LARMOR, is generally regarded as being exact.*

But there are other forms of the additional assumption which are equally effective
and in some respects more general than that just given. We may, for instance, assume
definite expressions for the potential and kinetic energies of electromagnetic origin in
the system and combine these with the assumption that the dynamical processes
operative in the field are governed by the same general laws as are the processes in a
similar mechanical system. This form of the argument proves ultimately to be
consistent with the first as regards the expression for the effective mechanical force on
a moving element of charge, but it has the advantage of being expressed in more
general terms, thus carrying with it the possibility of fitting better with any modifi-
cation that it may subsequently be thought desirable to make in our general
conception of the theory. It need not be presumed that this form of the argument is
any less general than the first on account of the fact that it apparently involves more
than one assumption, for this increase in number is counterbalanced by the fact that
the dynamical argument ultimately reduces the two fundamental equations to one,
FArADAY'S relation being derived simultaneously as a consequence of AMPERE’S.

The general dynamical argument was first formulated by MAXWELLT for the case
of the field surrounding a system of linear currents. His analysis was subsequently
extended to cover the more general case, firstly by voN HeLmuorrz] and LoRENTZ,§
later by LARMOR,|| MACDONALD,T ABRAHAM,** and others. In the later investigations
the whole subject is regarded from the point of view of the theory of electrons, where-
in every manifestation of the field is regarded as arising in the aggregate disposition
or motion of electronic charges; even in the former investigations, although they are
apparently of a more general character, certain assumptions are involved which render
their analyses theoretically effective only under the same restricted circumstances.
In each of these cases it is assumed, practically speaking, that the potential energy of
the electromagnetic field is represented by the expression ’

1
8

W= jEw@

and the kinetic energy by
-1
T= 20,[ (AC) dw,

* Relatively modifications are not here. under consideration.
t ¢ Treatise,’ vol. 2, Ch. VI, VIL
1 ¢Ann. Phys. Chem.,” vol. 47 (1892), p. 1.
§ ‘La Théorie Electromagnétique de MaxweLL’ (Leiden, 1892), §§ 55-61.
|| ¢ Aither and Matter,” § 50.
9 ¢ Electric Waves,” Appendix L
*% ¢ Ann. Phys.,’ vol. 10 (1903), p. 105.
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‘both volume integrals being taken throughout the entire field : the derivation of the
dynamical and field equations is then accomplished by an application of one or the
other of the well-known processes of analytical dynamics. The interpretation of the
same results for the case when the kinetic energy is given by the usual expression

T=8iij2dv

was given by the present author.®

Whilst the theoretical simplicity of these discussions, which results from their
interpretation in terms of the simple electronic hypothesis, is a great point in their
favour, it seemed, nevertheless, of theoretical interest at least to attempt to formulate
the problem under less restricted conditions, especially in view of the pronounced
tendency exhibited in some quarters to deny the adequacy of the Maxwellian theory
as a complete microscopic theory. Besides the more general discussion in the form in
which it is here presented emphasises certain difficulties inherent in the usual formula-
tions which have not hitherto received adequate attention.

5. The most general dynamical principle which determines the motion of every
material system is the Law of Least Action expressible in the usual form

aj:Ldz = 3j:j(T—W) dt =

wherein T denotes the kinetic energy and W the potential energy of the system in
any configuration and formulated in terms of any co-ordinates that are sufficient to
specify the configuration in accordance with its known properties and connexions, and
where the variation refers to a fixed time of passage of the system from the initial
to the final configuration. This is the ordinary form of HamirroN’s principle, but it
involves in any case a complete knowledge of the constitution of the systems, because,
before it can be applied it is necessary to know the exact values of the kinetic and
potential energies expressed properly in terms of the co-ordinates and velocities. As
however we have frequently to deal with systems whose ultimate constitution is
either wholly or partly unknown it is necessary to establish a modified form of the
principle allowing for a possible ignorance of the constitution of the systems with
which we may have to deal. The modification is fully discussed in most works on
analytical dynamics,t and we may here content ourselves by merely presenting the
results, interpreting them however in a manner somewhat different from that usually
given, in order to throw some light on certain questions which arise in the subsequent
application in our present theory. Suppose then that it has been found impracticable
to express the Lagrangian function L in terms of the chosen co-ordinates of the
system, the typical one of which we may denote by g¢; but that it is expressed in

* < Phil. Mag.,’ vol. 32 (1916), p. 195.
t E.g., ¢ Treatise on Analytical Dynamics’ (2nd ed., Cambrldge, 1918), by E. T. WHITTAKER.
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terms of a certain number of variables x,, ., ... x;, which are known to be connected
with the co-ordinates ¢ and their velocities ¢ by a series of relations of the type

M, = 0

M, being a function of the co-ordinates g, the velocities g, the variables # and the
differential coefficients of these latter variables with respect to the time. For the
sake of simplicity we shall restrict our statement to the case when the first differentials
only appear. The usual method of procedure is to introduce a set of multipliers A,,
functions of the time, and then to consider the variations of the integral

j” (L+3\M,) dt
[}

where the ¢’s and «’s undergo independent variations. The equations obtained for
the vanishing of the variation are of two types. Firstly, there is an equation of the

type
< d (o M)\ o M, oL _
m@xs 8:ic> e

for each variable x : these with the restricting equations will determine the a’s and X’s
as functions of the co-ordinates ¢ and the time. Then there is an equation of the .

type

d (. OM,
dt @‘* 3

oM

aqs=0

)

for the motion in each ¢ co-ordinate.

The latter equations only involve the Lagrangian function L through the quantities
X and 2z which enter into it, and once these are determined the rest of the solution
involves only the restricting conditions. In fact when once these multipliers and
variables are determined and regarded as functions of the time only the motion in
the g co-ordinates is completely determined by the condition that the integral

f IAM, dt

is stationary for independent variations of the co-ordinates ¢. It may even happen
that the relations M involve the co-ordinates g and the variables « in such a way that
it is possible to separate M into two terms, one of which is a function explicitly of the
g’s only and the other of the «’s only. In this case the part of the integral required
in the above statement is only that part of it involving the ¢’s and this is independent
entirely of the co-ordinates «.

This remark has an important bearing on a question which occurs in the sequel, and
it shows that the existence of a variational form for the equations of motion does not

VOL. CCXX.—A. 2 H
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necessarily imply that the integrand involved is a true Lagrangian function for the
System.

6. Now let us apply these principles to our electromagnetic problem. The conditions
in the field surrounding a number of bodies are specified in the usual way by the
magnetic induction vector B and the electric force vector E, and the part of the
Lagrangian function associated with this field may be taken to be

1. s T2
= j (B'—E?) do,
the first term denoting the magnetic or kinetic energy and the second the electric or
potential, and the integral is extended over the whole of space. In addition to these
energies there will be the energies of the material bodies in the field which will consist
in part of the kinetic energies of their organised motions, in part of their potential
energy relative to one another or to any extraneous fields of non-electric nature, and
in part finally of internal energy of elastic or motional type in the media. The part
of the Lagrangian function corresponding to these energies can, in the most general
case, be denoted by '

j (Ly—W,) dv

where L, is the Lagrangian function of the organised motions of the media, reckoned
per unit volume at each place and assumed to be a function only of the position
co-ordinates and velocitiés, and W, is the internal energy of all types reckoned as
potential energy per unit volume: this latter term will be a function of the electric
and magnetic polarisations in the media, but will be assumed not to depend to any
appreciable extent on the rates of variation of these conditions, and in so far as some
of the internal energy is essentially of kinetic type, it will be in reality a sort of
modified Lagrangian function with the energy corresponding to the motional terms
converted to potential energy in the usual way. The function L, may also be taken to
include a part arising from the assumed inertia of any free electrons that may be
present. \
The motion of the system can now be expressed in the form

3 [ | [LO—W;Jr——l—(B"—-ES)] dv
% 8w
and we could conduct the variation directly were it not for the fact that our functions
are not all expressed explicitly in terms of the independent co-ordinates of the
systems, which are in reality the position co-ordinates of the elements of matter and
electricity. As indicated above we can however avoid the use of any such explicit
interpretation by the use of undetermined multipliers. In this way the variations of
E and B can be temporarily rendered independent of each other and of the
actual co-ordinates of the material and electrical elements.
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We know that the vectors of the theory are connected with one another and the
actual co-ordinates of the system by the equations

divE = 4nle—4nr div P

_1 dE 4w dP 4w .1, 4w .
Cur H = 255+ g+ OullPra]+=0 Ze ()
dB _dH dl .
7= _O—lt_+ dar 7 + 4 Curl [1#,,].

In these equations P is the dielectric and T the magnetic polarisation intensity ; 7, is
the velocity and r, the position vector of the element of matter and #, and r, the
velocity and position vectors relative to this element of' the typical element of
free charge (e¢) over which the sum = in the first and second equations is taken
per unit volume at each place. ‘

In these equations we have purposely refrained from arsuming a definite electronic
constitution for the dielectric and magnetic polarisations as it was desired to emphasise
certain points in connexion with the mechanical forcive which have not yet been
adequately dealt with.

We have thus to introduce three undetermined multipliers one scalar ¢ and two
vectors A,, A, and it is then the variation of

[“a v [LO ~Wet =(B—F) + L(div B+ 4rdiv D)
2]

1 LdE_4ndP_4n
—Z;T<A1,OurlH——-7‘l—t 7db_tr 1[Po~m]>

1 dB JdH dI

—Se¢+ '1(} Se (A, ¢m+¢e)]

that is to be made null, afterwards determining the forms of the various undetermined
functions to satisfy the restrictions which necessitated their introduction. In
conducting the variation we can now treat the electric force, displacement and
polarisation, the magnetic force induction and polarisation and the position co-ordinates
of the electrical and material elements as all independent. We here see the reason
for introducing the equation expressing the rate of change of H instead of the
equation

"H =B—4nl

determining its value, for this latter equation does not in reality enable us to obtain
a relation between the variations of H and the position co-ordinates of the matter, so
we could not treat all our variables as independent.

2H2
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In the main the details of the variational calculation possess no novel features and
need not here be elaborated. There are, however, one or two terms which require
careful handling, especially when finding the variations due to the alteration of position
of the matter.

The variations of terms of the type

[ div Pan, %KA] 0—%’) dv, % [(4,Curl[P2,]) dn,

due to variations in the position co-ordinates of the elements of matter to which the
vectors P and 7, are attached should not be performed until the differential operators
affecting the P function are eliminated by an integration by parts. If we bear this
in mind we shall find that the final result for the variation consists of terms at the
time and space limits, which require separate adjustment, together with

jdajdv[sLJr (35, B-194) L (op, povy e ldh)

c dt .

1 d 1 dA,
—L—T<8H, Curl A, -1 t) <P, (9,V) <V¢+EW>>
! dP\ 1 dA,
——g<8rm, [CulAI, 7 ]) g<3r [Curl A P])
~L .9y (Cant A, [Pr])+ L (1 0rw) D)

1 dl dA,
+E<3ﬂrm, [Curl A, 7 ]>+ < [Curl Al I])

+ %(37"7”‘7) (Curl A, [ITm])

+2Ze <87"m +dr,, — 1 dol; o> 1]>
'*‘ 8W,+ < ¢ 1 dj mI Cul'l Al] 8P>

1dA, 1, >]
+<c L[, Cwl A o),

where in the terms (dr,V) (Curl A,, [P7,]) and (0r,V) (Curl A,, [I7,]) the vector
operator V <Whose components are 9 ) 9, é) is presumed to affect only the
dx Jy 0z
functions A, and A,.
The variations dr,, dr, which determine the virtual displacements of the electrical
and material elements and the variations 0B, éB, §P, ..., can now be considered as all

independent and perfectly arbitrary, and hence the coefficient of each must vanish
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separately in the dynamical variational equation. The coefficients of the latter
variations lead to the equations

_1dA, _ v, ldA,
B = ot ) E = V¢ s dt ’.
dA2
Curl A, = e Ak

from which it follows that the multipliers ¢ and A, are the ordinary scalar and vector
potentials of the theory so that further

Curl B = — 1 2 Cwl A,
c dt

As regards the vector A,, this is a new vector potential whose curl is required in
our subsequent discussions. For this we have

Curl B = Curl Hadr Curl T = L 2

7 Curl A,,

whilst if we use C, as the total current of true electric flux we have, by AMPERE'S
equation

1dE 47
CurlH—~Et—+ cC'

¢, =C,4+¢cCurl I,

Thus, if we use

we have

2)_dE

%(Curl A +4nCY,.

The main part of Curl A, is therefore represented by the electric force : there is
however in addition a local term E, depending on the time integral of the current
density at the point. We can thus write

Curl A, = E+E,.

If we use the values thus determined for the various undetermined multipliers
introduced at the outset, the remaining terms of the variation give for the motion of
the material and electrical elements equations of the type

o) —m - () + (5D 2 (P )

-1 <[Im], _@i.@&) — [P, Curl EJ,

5P 1o, 9
_[I, Curl B],— [ dt]x+E[E+EO,(%l

1r, 1
+p <Ex+ (; [,rmB]z> + E [CIB]M
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for the motion of the matter and of type

3loe2) = el = o(Br 2 0L

890,,,

for the electrical elements. In the first of these equations p = Ze is the density of
the free charge, and C, = Ze#, 1s the density of the true conduction current ; in the
second equation 7 = 7,+7, is the absolute position co-ordinate of the electrical
element and v = 7 is its resultant velocity.

In addition we have the variational equation for the internal energy which can be
left as it stands in the form

W, = <E+ % [%..B], 81)) + <B-—jj|:7‘,., E+E0:|’ 81)

Interpreted in terms of the language of ordinary dynamics these equations imply
that

(PY) B, +(19) B+ ([P ], 8B) L (11, SEERR))

AP dl 1
41 [dt L0, B] c[d , E+E] +p<E,+g[7mB]x>

is the force per unit volume at each place tending to accelerate the motion of the
matter, whilst

’ <E ¥l [VB]>

is the force tending to accelerate the motion of the element of electricity e.

The electrical terms in the first of these results are consistent with those obtained
by LarMor* and others, but the magnetic terms, which are in fact analogous with
the electrical terms depending on the dielectric polarisation, are fundamentally
different from those obtained by these authors. Further, since

__1ldA,
e di ¢
it follows that
wrl B o= — 12 Cur
Curl E = cdtleAl
__1dB
T cadt’

so that our equations are in complete agreement with the most general form of
MAXWELL’s theory.
* ¢ Aither and Matter,” Chap. VI.
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7. If we examine the above analyses closely we shall notice a rather important
point bearing on a fundamental question which has already been the subject of some
discussion.* If we take the integral in its complete form with the variation carried
out and with the values of the various multipliers inserted it can be seen to reduce
to the expression

fdt jdv[sLo—swﬂu(PaE) (LsB) ((TV) B, [P#,]) — (or,, (P Curl E])

- lé((srmV) (B+E,), [T#,])— (4, [T Curl B])

o, [dP 1 dl
+<T’ [dt , B]) (srm, [dt E+E]>

N <E +10nBY 9P) 4 (B ~ [, B4, 1)
+3e <87"m +dr, E+ % [VB]>:I ,

in which neither the electric nor magnetic energy contributes an explicit term. This
is the first definite indication we have that the modified function with which we may
operate to find the equations of motion of the electric and material elements is
explicitly independent of the expression for the energy in the wthereal field. We
may, in fact, see that, just as in the dynamical problem examined above, the whole
circumstances of the motion in the real co-ordinates of the system can be derived by
the variational principle, using the integral

[Fa | d@[L —W,—¢ div P— <A ‘ﬂ))—%}(A1 Curl [Pr,])
h

Y dt

- %<A2 %) - %} (A, Curl [I7,]) + Seg+Ze (A,, 7, m)]

just as we used the Hamiltonian integral, taking in it E, A,, A,, ¢ as functions of the
time and space co-ordinates only. It is of course possible to establish this directly,
for it is easily verified that the difference between the integrand just employed and
the previous one, viz.,

_W.L 2 (R_T2
L, W’+8w(B E?),

involves only complete differentials with respect to the time or space co-ordinates.
This difference therefore integrates out to the limits and remains ineffective as regards
the general dynamical variational equations, and we can therefore use either integrand
indiscriminately.

* Cf. ¢ Phil. Mag.,” vol. 32 (1916), p. 195, where references to previous work are given.
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This is the general form of the result obtained by ScHWARzscHILD* that in the
special case when we are concerned only with free electrons moving in an @thereal
field free from matter their equations of motion can be derived by the variational
principle, using the integral

["ar [LO—-EegM—Z : (Ao’-)] ,
t

where ¢, A, the ordinary scalar and vector potentials, are regarded as functions of the
time and space variables only.

We now see why it is that consistent formule have been obtained by different
authors using apparently different expressions to represent the field energies. The
results are in fact all explicitly independent of any particular interpretations for these

energy expressions.
8. The general dynamical formulation of § 6 agrees with the fact that the material
media of the field have an internal constitution which enables them to resist the

setting up of the electric and magnetic polarisations by forces E+ %['r'mB] and
B— % (7 B+E,] i'espectively, and that in consequence of any change in the polarised

state of these media their intrinsic energy of elastic or motional type is increased by

the amount
3
j dvj (E/ 8P) + (B' o),
: 1
where we have used

= E+ %[q»mB], B = B— % [#, B+E]

Thus in setting up the electric field and its associated dielectric polarisations in the
medium the potential energy of the field is increased by the amount

é%_J‘ E2 dv

on account of the establishment of the sethereal field together with
jd@ j (E 5P)
on account of the material polarisation, both amounts being reckoned as potential

energy.
This gives a total for the field equal to

[ao {4%7 (9E) + (BP) + L ([,B] 3P)}-

* ¢« Gott. Nachr. (Math.-phys. KL.),” 1903, p. 125.
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This result is consistent with that generally obtained in these theories. The last
term arising on account of the current due to the convection of the polarisations is
however probably of kinetic origin. '

Of course, in the general case, all the potential energy put into the field cannot be
got out of it again in the form of useful mechanical work, or, in other words, it is not
all available. The effectively available energy in the present case consists in the main

of the part o
v (g- + j(P sm) .

For the magnetic polarisations the results are somewhat different. In this case the
kinetic energy of the field is assumed to be

— j B do,

to which we must add the intrinsic kinetic energy involved in the induced magnetic
polarisations to obtain the total energy in the field ; reckoned as potential energy the
intrinsic energy is

j dv j‘(B’ dI),

and therefore as kinetic energy it is
- jdv j (B dI),

giving a total for the field equal to
1 2 [ y
é;[ B de—- ‘ dv (B dT)
Ll 1 -
= Liaw|Bam) +L{ao[(E+E, [a1, )

a result which is again practically equivalent to that usually given in this theory.
If we treat the convection of the dielectric polarisation as effectively equivalent to
a magnetic polarisation of intensity

[ l .
T - C[qujl,

and the convection of the magnetic polarisation as effectively equivalent to a dielectric
polarisation of intensity

r— _Lrp.
P. - c [I/rml

VOL. CCXX,—A. 21
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and include the energies corresponding to these two parts in with the appropriate
totals the formulse just obtained are somewhat simpler in form. The total kinetic
energy will be now

L [}32—877 [ (Ban)—sr [(B dI’)] do

S
or

2 fisare

where :
B=H't4nl+ 4_0’2 [P,

and the potential energy is

e [E2+ s [ (B0P) +8a [ (53P) |,
or 1s
H (B dD') do,
where
D= f;r +P+P,

This, however, leaves out of account the term-
| dv j (E, 3P"),

which, representing as it does the energy of local actions and reactions, may be
assumed to be inoperative as regards general mechanical processes, and may in
consequence be rejected altogether.

In connexion with the discussions of the expressions for the internal energy of' the
material media it may be worth while emphasising the significance of the various
terms in the expression for the forcive on the polarised material elements derived in
the previous paragraph, especially the way in which the various terms arise and their
dependence on the term

Curl [Py,]

in the complete current. Further, we may notice how the complete expression for the
change of intrinsic energy per unit volume, viz.,

<E + 1, B] 31))

is derived, the latter term being due to the above-mentioned term in the current.
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This last remark points to the possibility of obtaining an elementary deduction of
the expression

.
E4 ; [Vm, B]

for the complete electromotive forcive simply by caleulating the rate of change of
intrinsic energy of a moving bi-pole, and the calculation has in fact been carried out
by LarMor,* taking however a parallel plate condenser with equal and oppositely
charged plates, moving in a uniform magnetic field.

An analogous argument in the magnetic case will give a deduction of the magneto-
motive forcive

e o
B—= [, m

9. We have stated that the magnetic energy expressions just obtained are
effectively equivalent to those usually derived, whereas as a matter of fact this is true
only of the final result ; the various formule employed in the derivation of this result
are not in their usual form but it has been shown elsewheret that they are consistent
with the complete dynamical theory, the more usual formule and the various
modifications of them which have from time to time been suggested being all
inadmissible on this score. A complete discussion of the justification for this last
statement is necessarily beyond the scope of the present paper, but it may perhaps
serve a useful purpose if a brief outline of some of the more important reasons is
given, especially as they have some bearing on points raised elsewhere in the present
discussion.

In the first place there is probably little or no difficulty in seeing the fallacy in the
usual and simplest form of the theory wherein the expression «H?/87 for the magnetic
energy density is derived in the statical theory as potential energy and in the
dynamical theory as kinetic energy : we need only enquire as to the type of energy
represented by the same expression when the field is due in part to rigid magnets
and in part to steady currents. The more consistent result is obtained by taking

pH 1
- 87 4ar (HB)

as the expression for the density in the statical case as this agrees with the opposite
sign in the dynamical case and yet gives the same total.

There is however another form of the results first tentatively suggested by Herrz
and HEAVISIDE and subsequently developed in great detail by other writers, more
particularly by R. Gaxsf and H. WEBER, wherein the difficulty presents itself in

* ¢Proc. Lond. Math. Soc.’ (1915). |

'i' Cf. my ¢ Theory of Electricity,” p. 417, or ¢ Roy. Soc. Proc.,” vol. 93, A, p. 20 (1916).

i ¢ Ann. der Physik,’ vol. 13 (1904), p. 634, and’ Encyklopadle der Math Wissensch.,’” vol. v., art. 15,
where references to other authors will be found.

21 2
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another and more involved form. The fundamental basis of this theory is the
assumption of a distribution of true magnetic matter of density at any place equal to

Pm = "'div Io = “l* le B
47 .

wherein 1, is the density of the permanent magnetic polarity. This magnetic matter
is supposed to be distributed continuously throughout the space but so that the
amount in any portion of the matter is zero, a condition which is perhaps rather
difficult of realisation, as it would make the distribution in any particular portion of
~ the matter dependent on the distribution in all the surrounding portions.

In this theory the magnetic energy is first calculated on analogy with the electro-
static energy; the magnetic induction vector B is regarded as a sort of composite
displacement produced by the acting force H, so that the energy per unit volume 1s

J(B(H dB).

0
4 ),
This expression is then verified to be equivalent in the purely statical case to the

volume integral

j dv jpm ¢ dp,

taken over the entire field, the surface integral over the infinite boundary
contributing nothing in all regular cases; ¢ is the magnetic potential of the field.

In generalising the theory to the case where the field is due to linear currents the
same physical basis is adopted as regards the expression

[ ar r(H dB),

which still therefore remains valid, and when there are no permanent magnets about
this is easily verified by the usual argument to be equivalent to the summation
s
Ly | yan
¢
over the different current elements, J denoting the typical current strength and N
the induction through its circuit. When there are permanent magnets present this

expression becomes
i N
jdv f ¢ dp,+ % | gan.

It is then shown that the mechanical forcive on the magnetic matter in any one of
its co-ordinates is derivable as the appropriate negative gradient of this energy
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function, whilst the force on a current is to be obtained as the positive gradient with
respect to its position co-ordinate.

Unfortunately all the authors concerned merely talk of magnetic energy without
specifying whether it is to be taken as kinetic or potential energy. One might
perhaps infer that as the results are interpreted in terms of a static potential function
it is implied that all the energies are potential, but the fact that the forces on the
currents are derivable as the positive gradients of the function

észJdN

suggests that this part of the energy at least is kinetic energy. The difficulty of
sign 1s therefore still present.

Even if' we confine ourselves to the statical theory the same interpretation is not
entirely free from difficulties of another kind. The potential energy in the field is
taken to be represented by

j' v j s dp,,

but this expression really represents the total energy in the field ; in the general case
the only part of this energy which is mechanically available is

e

J dv r P A,

and this is properly speaking the potential function from which the mechanical forces
acting on the magnetism are to be derived. Of course, when the law of induction is
linear the intrinsic energy of the field is equal to the available energy, but even then
their natures are fundamentally different and equality in their magnitudes is hardly a
sufficient justification for confusing the one with the other.

Apart from this difficulty, however, the next step employed in the development of
the theory will cause some trouble. To effect the transformation from the expression

j dv j‘p¢ Appm

to the equivalent expression

~Jan J"I"(H d1,)

the method of integration by parts is employed. But LArMOR has shown that two
expressions of this type being derived the one from the other by the method of
integration by parts, really represent fundamentally different distributions of the
energy in the field, although the total amounts represented by them are the same.
The two expressions cannot’ therefore be used indiscriminately to determine the
stresses around an element of the magnetic matter. It is not, of course, possible at
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the present stage to say which of the two expressions does represent the true energy
" distribution, but any examination of the mechanical inter-relations of the different
magnetic masses in the field postulates a previous decision as to the proper expression
to be taken as representing the available energy of these masses in its normal form,
respecting both its total amount and proper distribution. Once this decision has been
made it is unsafe to employ the method of integration by parts unless due regard is
paid to the surface integrals thereby introduced.
The -distribution of energy interpreted in terms of ideal magnetic matter which is
properly equivalent to the expression ‘

- J v j"'(H d1,)

is such that the energy in any volume of the field consists of a distribution throughout
it of density at each point equal to

~[ g div at, = ~[ g dp,
together with a surface distribution of density

| par,

over its surface. This corresponds properly to Poisson’s distribution of magnetic
matter and emphasises the necessity for the inclusion of surface distributions of
magnetic matter.

This explains why it is that the above theory determines properly the forces on
the permanent magnets as a whole, but fails to give a consistent account of the
internal forces between different parts of the same magnet. At the surface of an
ordinary magnet it may quite legitimately be assumed that owing to the existence of
a transition layer, the normal component of the magnetisation vanishes there, and
consequently the surface integrals applied to the outer surfaces of any such body
would also vanish ; the two different expressions for the contained energy thus become
equivalent. ' ,

This is perhaps suflicient to justify a summary rejection of this new interpretation
of the energy relations of the magnetic field, as being at most no better than the
older one which 1t presumed to displace. The real trouble in both cases seems to have
arisen mainly in an. effort to discover an analogy in the relations of the electric and
magnetic fields. HEgrtz and HravisiDE were the first to insist on the existence of
this analogy, and practically all the modern writers follow them in this matter, even
so far as to regard it as providing sufficient justitication for certain fundamental
formulse of the theory. A close scrutiny of the subject will, however, reveal the fact
that although the mathematical relations connecting the magnetic force induction and
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polarisation are to a certain extent similar to those connecting the electric force, total
electric displacement and dielectric displacement, the similarity ends with these
relations, and the dynamical characteristics of the two types of field are essentially
different ; and the analogy itself, so far as it exists, seems to be based on erroneous and
confused conception of the nature of the magnetic energy as determined by the usual
expression of the theory, so that it finds no place in a consistent formulation of the
subject, notwithstanding even HEAVISIDE's spirited defence in criticism of LARMOR.

In his treatise ABRAHAM adopts the analogy as a sufficient basis for the discussion
“of the magnetic theory, but decides that the procedure is not without its difficulties,
particularly as regards the ferro-magnetic phenomena ; not being able to overcome
these he condemns the whole procedure as being inadequate to include a proper
account of these matters.

10. We now turn from these discussions to a brief review of the general energy
relations of the. electromagnetic field. A concise account of these relations so far,
that is, as they have been dealt with in existing accounts of the subject, has been
given with full references in my treatise (Ch. XIV.), and it will suffice for the present
to give the barest outlines of the discussion so far as they may be required.

The fundamental equation expressing in its most concise form the energy principle
for the electromagnetic field can be written in the form

AW _ dT B
L s w4 [8,dr= o,

wherein W and T are respectively the potential and kinetic energies inside any
volume bounded by the closed surface f in the field, F is the rate of dissipation of
electromagnetic energy into energy of other types such, for instance, as results
mainly from the inertia of the electric charges constituting the conduction and
convection currents; and S is the vector determining the flow of electromagnetic
energy outwards over the bounding surface. ' :

In this equation it is generally assumed that our knowledge of the forms of F and
W is precise and accurate, and that in fact in agreement with the results of
paragraph 8.

W= Lfmdo [ do [ sp)

where P is the polarisation intensity of the dielectric media produced by the electro-
motive force

B =B+ [V,B]
whilst

~

F = J(ECl)dv
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where C, represents the part of the total current depending on the motion of the
electrons constituting the conduction current and the current due to the convection
of electric charges, but excluding the part due to the convection of the polarised media.

It seems difficult to dispute the form of the expression for W, but careful
consideration will also convince one that it is probably just as difficult to support it in
the most general case, except it be by the results which are derived from it, which
certainly seem to be in satisfactory agreement with our knowledge of these things.
A similar reservation must be applied also to the expression for F, but there is here
an additional point worth mnoticing. It is not often remarked that the form given
tacitly involves an assumption which is derived as an independent result from
discussions based on this special form. In fact it involves the definite assumption
that no work is done by the magnetic forces during the motion of electric charges.
Of course the usual expression for such force as proportional to the vector product of
the velocity and magnetic force confirms this assumption, but the derivation of this
expression by dynamical methods from results derived from the present discussion is
by so much deprived of interest. In fact, if to the assumption that these forces do
no work we add the further conditions that they are linear in the magnetic and
velocity vectors, it would appear that their form is completely determined, at least to
a constant factor, without further considerations either of a dynamical or any other
nature. '

The form for the expression T is not usually regarded as being sufticiently definite
to be used in the present connexion, mainly because 1t is the more readily convertible
into equally simple alternative forms. We have in our previous discussions made
certain assumptions which have proved to be equivalent to taking

- _~’ i y (H dB),

but this special form will subsequently be proved to be irrelevant to the discussion.
It is usually regarded as being most advisable to consider the expression for T as
bourid up with that for S, the equation connecting the two being that derived from
the energy principle by the insertion of the forms chosen for W and F, viz.,

dg‘ j S, df = _~." (EC) dv— j%( [v,B], dP) ( Curl [Py, |) do

C being now the total current of MaxwrrLL's theory. This is all we can derive from
the energy principle. The various possibilities open to us have been examined in
detail before. We may take

Curl H = 27 ¢
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and then we get POYNTING'S theory in which

r=Llao| [-22(pn) an)-L [ (b1 ap) |
and
= (B Wt [P )= 0 00

where

H =H-4n [P V”l_l

is equivalent to the vector H' introduced in paragraph 8.

This theory has the advantage, in addition to that already discussed at length, that
it involves no further dynamical assumption other than those expressed in the special
forms chosen for W and F. The Amperean equation used to effect the separation
being more in the nature of a kinematical definition of the electric current or magnetic
force than of a dynamical relation between the field vectors.

Another form can be obtained by using the equations

L dA

E=->==—grad ¢

c dt

with ,
divC=0
we then get

T=! [ J‘A (Cda)-" [ar [" (B ar)

A
p j (Curl [Py, ], dA)

with

S = ¢ (C—c Curl [Py, ]).

The special form of this result when the media are at rest has been shown® to be
inconsistent with our usual conception of such things as radiation phenomena.
Yet another form of the theory can be obtained by taking

T[] [(Eu (Ly,,,B ! > o (1 Curl [Py, )J do

and then
S =0.

In such a theory there would be no such thing as radiation.

We can go on multiplying the different forms of this theory indefinitely and each
form obtained would in itself be perfectly consistent with the Maxwellian
electrodynamic theory. The expressions for S and T in them are of course dependent

# <Phil. Mag.,” vol. 34 (1917), p. 385,
YOL, CCXX.—A, 2K
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on each other, being connected by the equation given above, and there will be a
relation between the forms for two different theories. In fact if S and T are the
forms corresponding to any one mode of separation and if we write

v_«,dU
b_b+dt

where U 1s any arbitrary vector function we shall have

AT (o o dT . ([ _dU 5.
i +j Sudf =7 +J (8= >OU

d1” PR
== +.[S L Af

where

T =T j div Ud,

and 8" and T’ are appropriate forms for a new mode of separation. In this way, by
assigning convenient values for U, we might tentatively construct a number of
interesting formulze.

The last result also shows why it is that the particular form chosen for the kinetic
energy 1is irrelevant to the general dynamical discussion of paragraph 7. In fact,
if, instead of the form T used on that occasion, we had employed the general value.
derived above

T— [ div U do

the part of the variation depending on this energy becomes the time integral of

~

OT — J div oU do,

and the latter integral reduces to a surface integral over the infinitely distant boundary
and cannot therefore contribute anything in this general variational equation.

Of course, from another point of view, the various forms of the theory here under
review, differ merely in assigning different distributions to the magnetic energy in the
field, each of these distributions being ultimately consistent with the same proper total
for this quantity ; and the fact that they all lead to the same dynamical equations,
merely verifies a well-known result of analytical dynamics that the particular form of
expression for the energies of the system is immaterial to the ultimate dynamical
equations for the field inside a continuous medium. Of course the solutions of
boundary problems such as are, for example, involved in a specification of the energy
flux, depend essentially on the particular form assumed for the energy distribution ;
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and it has been shown on a previous occasion®* that the only form of specification of
the energy distribution which 1s consistent with our usual ideas on these matters is
that which makes the density of the magnetic energy, equal to B8, and as the
present discussion shows that our only hope of discrimination lies in that direction, we
may assume that the evidence in favour of this special form is conclusive, at least for
the present ; it is besides the only form in which the most general case is completely
representative of the distribution in any volume of the field without requiring the
introduction of boundary terms involving surface distributions.

11. We next turn to a consideration of the expression for the forcive of electro-
magnetic origin acting on the polarised media in the field. ~We have seen that the
mechanical forcive on the dielectrically polarised media is such that its z-component
per unit volume at any place is of the form '

om0 ) [ ]

or as 1t first appears in the analysis

< > [PCurl E],+ = [Ojllj } <[Pum] E)B)

on oB
-p2, [PB] <[Pum 7)

This result is in complete agreement with that derived by LARMOR in the electron
theory,t but the present derivation indicates clearly the origin of' the different terms
in it. The expression

v

ox

1s that corresponding to the expression derived in the statical theory from energy
considerations and corresponds to MAXWELL'S magnetic expression ; the second term,
ViZ.,

—[P Curl E],

is one of the terms arising as a result of the convection of the media, and this is the
term which is effective in reducing the electric part of the forcive to the form

(PV) E,
which is the result derived in the elementary theory by regarding the forcive as the
resultant of the forces on the elementary bi-poles.

* ¢ Phil. Mag.,’ vol. 34 (1917), p. 385. Cf, also ‘ Phil. Mag.,” vol. 32 (1916), p. 162.
t ¢ Alther and Matter,” p. 104,
2 K 2
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Similar results apply in the magnetic case. The general expression for the forcive on
the magnetic media 1s, per unit volume, equal to

(18) 11 ot B (11, 2B

o

dl
[u ]+Eo]

(IV)B__Q[L,,] <Fa*;E°>> [(;g o E(,]

- ()L 4w . 228

In these expressions the parts depending on E, and I?, representing as they do forces
on the elements of the media determined solely by the conditions in those elements,
would be neglected in a mechanical theory.® The expression for the effective foreive

(152 =4 = (1 )

, fry 1 0B\ 1[I
— (IV) H= ;<[1u,),,] -1 [@ F]

This expression is only equivalent to MAXWELL'S expression in the statical case he
considers. It is, however, practically equivalent to that derived by counting the
forces on the constituent poles, but even- here the general result rather suggests a
modified conception of the force on a magnetic pole, this force involving in the

thus reduces to

general case a term due to the electric force. The question of the existence of forces
~on a magnetic pole due to its motion in an electric field does not appear to have been
investigated on an independent basis, although it is definitely contained in the
relations of transformation involved in the theory of relativity, which require the form
for this forcive

1
B—‘ E [VmE].

It will however be proved below in the next paragraph that such f'01 ces do probably
exist and are in fact of precisely the correct type.
It may, of course, be objected that the last term in the equation
dB _ dH dl
V7 7 + 47 7 + 4 Curl [1y, ],
which is the origin of the discrepancy obtained for the magnetic forcive, does not in
reality exist, but yet the other results derived from this equation are almost certainly

* (f. LARMOR, ‘ Ather and Matter,’ p. 98,
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indisputable, and it seems dlfﬁcult to realise a state of affairs where the equation
without the last term would be generally true.

The whole question of mechanical forces on polarlsed media is ultimately bound up
with the question of the variation of the intrinsic energy of those media, and the

expression
b <1§1‘¥>
S o)

for the x-component of the forcive per unit volume implies that the internal energy of
those media change in a small displacement by

(H oT)

per unit volume. But when the media are in motion the expression for the change J1
used in this expression involves a part due to the convection of the polarisation which
is more properly concerned with the mechanical forces than with the intrinsic elastic
or motional ones, as it would exist if the internal constitution of the media was
maintained rigidly constant. It is therefore suggested that the result derived above,
that the expression for the rate of change of the intrinsic energy is practically

<H-— LT 31)

per unit volume, is the more legitimate form of this expression, as allowance is made
in it for the convection, and if this is granted, then the equivalent expression for the
mechanical forcive, viz.,

(19) -4 (1,128 - }[% E]

l /

 must be regarded as the only adequate form.

Moreover these two expressions essentially involve the particular form of equation
adopted for defining dH/d¢, and are the only ones which are capable of fitting in with
a general relativity theory.

The results here derived also emphasise the difficulties involved in treating the
currents due to the convection of polarised media as effectively equivalent to a
polarisation of the opposite kind. If, for example, we had treated the convection
current

Curl [P l/m]
as equivalent to a distribution of magnetic polarity of intensity

[Py,]

at each place from the outset we should have been led to an entirely erroneous
expression for the forcive on the polarised media, the reason being that the inclusion
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of this quantity with the magnetism hides its true character, particularly as regards
its dependence on the velocity of the medium.

Nevertheless many of' the relations of the theory will be considerably simplified if
this procedure is adopted. . ,

12. The question of forces on fictitious magnetic poles moving i an electric field is
easily resolved by imparting to such poles a substantiality sufficient to allow us to talk
of forces on them, and then applying any of the general methods used in this theory.
The Lagrangian function of the system is still of the form
Lyt j(Bz—Ez) do,

8

L. being that part of' it which is not directly determined by the conditions in the field
and which will as usual be assumed to be a function of the positions and velocities
of the electric and magnetic elements only. The sequence of changes is then best
described by the fact that the action integral

" L g
Jtldt[L+8ﬂ_J(B E)dv]

taken between fixed time limits 1s stationary subject to the implied conditions of the
field. If we assume generally that there are a number of discrete electric particles as
well in the field, these conditions may be written in the form

div E—4n3e = 0,
div (B=H) +472m = 0,

Corl H-14B 475,
c dt ,
dB_dH

At dt

wherein e is the charge of the typical electron and », its velocity, m is the strength of
the typical magnetic particle whose velocity is », and the sum X in each equation is
taken per unit volume at each place over the respective elements indicated in it.

We now introduce four undetermined Lagrangian multiplying functions, two scalar
quantities ¢, and ¢,, and two vector quantities A, and A,, it is thus the variation of

j 7 [L + éi? j du [132—1E2+ 24, div B+ 2¢, div (B—H)

—BrZep, + 8rZmep,+ %E e (Ap,)—Zm (Agum)J,
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that is to be made null, afterwards determining the functions ¢,, ¢, A;, A, to satisfy
the restrictions which necessitated their introduction. The variation can now be
affected in the usual way, and the condition that it vanishes leads to the following
equations

E+grad ¢, djz 0,
1 dA,
B—grad ¢,— . —th_ =0,
with
1dA,
- C - n
url A, —grad ¢,— o di =0,
with three equations of each of the types
dfoLy_oL _ _ (3¢ 1 dA]z> I Cur
7 8a’c> 2, <8m o )+ c[Ve Curl A,],
i(aL> oL _ (2, 1dAu)_m
dt\ow,/ o, m(axm* ¢ dt ) ¢ Curl A,}

The first-and third of these equations show that ¢; and A, are the usual scalar and
vector potentials ; in fact from the third we have
L dA,

Curl A, = grad ¢,+ . ZZZ

=B,

so that A, is the vector potential and then ¢, is the scalar potential.

The fourth equation thus determines the usual expression for the reaction forces on
the moving electron ; the fifth equation determines similarly the force on the moving
magnetic pole in the form

m <grad ¢yt é (—Z(%> — %L v, Curl A, =m ( B— —}; [v,, Curl A2J>

We have yet to determine Curl A,: we have

1 dA,
B = grad ¢,+ i
so that
Curl B = 2 di Curl A,
Now
Jurl B = ——C +477(3‘ur11+l dE _ 44’—70():1 d !
dt c c dt
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wherein C; is the true current density of electric flux ;
_B-H
4

is the intensity of magnetic polarity, and

Cy = C,+¢ Curl L.
1t follows that

Curl A, = B4 4r j Oy dt = B+ B,

say. The vector A, is a slightly more general form of the second vector potential
introduced in our previous dynamical discussion and its cus? is identical with the curl
of that vector.

The main part of Curl A, is thus determined by the electric force in the field, and
its mechanically effective part is completely represented by this vector ; the forcive on
the moving magnetic pole is thus to all intents and purposes equal to

" (B_ L, m))
C /

an expression which agrees with that suggested by the relativity transformation.
It must, however, be noted that the local term is necessary in the complete relation
defining the vector A, for the simpler relation

Curl A, = E,

carries with 1t the consequence that

divE =0

at all points of the field, and this is true only of those points where there is no
electricity.

The expression for the forcive on the magnetic media is now attainable by regarding
it as the resultant of the forces on its contained poles ; for the volume v bounded by
the closed surface f, it is in fact

~ [(div 1) B+ j 1,Bdf
| [[drl
+ gj[clt +¢ Curl [1v,], E %EJ(Z

[ { I:Ivm:' nl]v E + EOJ df

Q..—_-—)

The second and fourth integrals transform by GrEEN's lemma to the volume
integrals

j (B(VI)+(IV) B) dv— j [[Curl [In,] E+E,]+grad ([In,,] E+E,)
o ~([Ln,,] div (E+E,)] dv,


http://rsta.royalsocietypublishing.org/

’/’/\\ \

a
L
/%
AL B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

FUNDAMENTAL FORMULATIONS OF ELECTRODYNAMICS. 239

where in the last term but one the gradient operation only affects the E functions.

Now
div (E+E,) = 0,

and thus the resultant force may be taken as distributed throughout the volume with
intensity at each point equal to

(1v) B+ [gx E+E:| avad ([T,], B+T,)
in agreement with the general result derived above. The local terms in I? and E, may
again be presumed to balance out with other forces of a type not at present under
review.

18. The two new potentials A, and ¢, introduced in the analysis of the last
paragraph, are the general forms of the potentials analogous to the ordinary scalar
and vector potentials of this theory, and they satisfy similar equations. We have,
in fact,

Curl A, = E+4n j”oo di

where C, is the total current density of electric flux including the effective represehta,—
tion of the magnetism. Thus

Curl Curl A, = Curl B+ 4 'rC_url C, dt

- _51 %54_4# j Curl C, di.

Thus

1

grad div A,—V?A, = % q 32——-(-1’- grad ~£2 o, + 47 j Curl G, dt

dt

whilst since div B = 0, we have also

2y 11 4 gy AL =
V¢2+cdt div A; = 0.

We may now adopt one of a number of alternatives. The simplest one is got by
taking ¢, = 0, when we also have

div A, =0
with, therefore,
via, = L8 i [Cun €y .

The last equation really involves the first, for
V2 (div A,) =

so that div. A, must be zero as it has no singularities.
VOL. CCXX.,—A. 2 1
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The vector A, chosen in this way is, practically speaking, the sethereal displacement
vector employed by LARMOR in his mechanical model of the electric and luminiferous
medium. - The curl of this vector is the electric force, or at least as regards its rate
of change whilst the magnetic induction B, which is proportional to the time rate of
change of A,, appears as the velocity.

We need not, however, take the quantities in this way. We might take

div A, = £%g2_47, div j‘I d,

and then we should have

Vi, = = ﬁdtv—dw 1
with
i 2 A7
VA, = Ci?d_i?‘ 471'« +477J Curl G, dt

where we have used

A, = A,—dar J"I dr.

In this case ¢, is the scalar potential of the magnetic distribution, whilst A’, belongs
to the current distribution. With these differential equatlonq the general values
of ¢, and A, in regular fields are such that

_ 4w "[dlv ﬂ

C 7

v

whilst

lddé A—‘—Z—I Lf;T Jr‘l[ farl C30+%J dv

the square brackets in the integrands denoting that their values are taken at each

point for the time <t—9.
These are the most interesting cases of the solutions for ¢, and A, but we may

construct any number of others. It must be noticed, however, that the equation

B= L dA
¢

7 =2t grad ¢,

does not imply that the vector B is derived from a potential in steady fields, for it is
impossible to satisfy the equations with A, independent of the time; we may
have dA,[dt constant in time but not A, This is the origin of the difficulty in
LarMoR’s mechanical model which seems to necessitate the piling up of sthereal
displacement in a steady magnetic field.

14. We have determined the complete expression for the forcive per unit volume
on the media occupying the electromagnetic field. The next step in the general
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theory is to reduce these forces to a representation by means of an applied stress
system of ordinary character. This discussion leads in the usual way to the intro-
duction of the concept of electromagnetic momentum.

The actual calculations for the present form of the results are not materially
different from those given in extenso elsewhere, so that it will again be sufficient to
outline the principal stages in the discussion. The method employed is to attempt to
express, say, the 2 component of the force per unit volume in the form

aTTZ Q’__I‘_y aTl’Z
Er oy T

Now the total forcive of electrodynamic origin acting on the medium of' the field at
any place is such that its @ component per unit volume is

1rr, 7 0E lrp, 7 OB
(P—E [I/rm]’ 5‘% > + <I +E [P/rm]; "é;})

\

—[P, Curl E],~[I, Curl B],— [ ‘flﬂ il [E%J
p <E +10, B]) +11c, Bl
(] C
Again writing
H' = H-27[Py,]

it 1s proved just as in the usual form of the theory that the forcive of which this is
the representative component is represented in the main by a stress system in which
1 we 1 ooy 1 oo
" = —_— Iy — B.H,— — H”
I..=E.D, 871'F +47r T 8w H
and
T,E. D, + Bz,, H’,

with symmetrical expressions for the other constituents ; but with this 1ep1esentat1on
there is an outstanding part of the complete forcive, viz.,

4 dt LEB]+ t[E U"%@””J’%—@ [EH] <[h"‘]’ %%

‘ 47rc dt

which cannot be so reduced. The first term in this outstanding part, being a complete

differential with respect to the time, is usually taken to represent a part of the

complete forcive arising as the kinetic reaction to a rate of change of momentum, and

this is the origin of the concept of electromagnetic momentum. This idea is however

partly destroyed by the remaining term in the above expression which cannot be

developed either as a forcive of ordinary type or as a kinetic reaction to a rate of
2 L2
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change of momentum, so that we are rather forced to regard these outstanding terms
as pointing to the failure of the ideas from which we set out. This conclusion does
not, of course, invalidate the results derived in the simpler electron theory, as the
concept of momentum will remain under the simplest conditions as a convenient
mathematical expression for the actual result, whatever be its ultimate physical basis.
The present formulation possesses another disadvantage which is apparently not
inherent in the simplest presentations of the momentum idea. In the electron theory,
as usually developed, the momentum remains as a fundamental quantity and is
distributed over the field with the density
-
Tro [EB]
at each point; this gives it a purely sethereal constitution as the vectors E and B are
those which define the conditions in the @ethereal field. In the present formulation
the vector B is replaced by the vector H which is essentially an auxiliary mechanical
vector in the theory; the fundamental nature of the momentum vector is therefore
entirely lost. We can, of course, assume that some of the momentum is in reality
attached to the matter, and such an assumption has certain points in its favour.
The force of electromagnetic origin on the dielectric media for example has an
x component which per unit volume is

/0 BN ;( 3B\ e 1[dP ]
(PZE) 4 1, 8x> (P Curl B+ |97 B

and this may be written in the form

SE\ 1/ - 0B\  1d on
<P5;;—> T ([PV,,,], 52) +1 4 1pp)

The first two terms appear as those appropriate to the energy function in the
statical theory which would be

—(PE)— ([Pl’m]’ B)’

1
¢
so that the third might be regarded as a kinetic reaction to a rate of change of
momentum, which would be distributed throughout the medium with a density

~LPB]
¢
at each point. : '
A similar analysis and analogous results hold for the magnetic media.
There is, too, a relation satisfied- by the momentum vector which appears in the
simplest form of the theory and to which a fundamental significance is attached by
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some authors, but which is not satisfied by the results of our present discussion.
The vector determining the flux of electromagnetic energy has been seen to be

¢
= SR H
S in LE, H’]
and that determining the momentum is

1
M= [E H]

In the absence of magnetic media and convective dielectric polarisations these two
expressions satisfy the equation

but under the most general circumstances this relation is not satistied.

We have so far conducted . the discussions as though the quantity derived as a
momentum is unique and definite, whereas, as a matter of fact, this is far from being
the case. We saw that the idea of the momentum arose from certain outstanding
terms which remained when attempting to reduce the electromotive forces to a
representation by a stress system. Now we can give a number of different forms to
this reduction and each one carries with 1t a different expression for the electro-
magnetic momentum. We can, for instance, write

! = .;_;1_ @_ ’ —_ I -
o EH] = 4wcg[dt”H] ETE[V"” H]

4dme

L [dA [

B TON IR
darc? [dt 4are [V, H]+ Cy #C

and the second term in this expression when differentiated with respect to the time

might be included in the stress specification. This would leave a new expression for

the electromagnetic momentum which is - '

1/ ~ 1 [dA

L0 -5 )
a form which would probably be suitable for use in connexion with a theory in which
the radiation phenomena are represented by MACDONALD'S form of the theory.

This is not the only alternative to the usual theory for we can construct similarly
any number of others. It appears, however, that the usual presentation is probably
the simplest possible one, and this is a great advantage in its favour ; but subsequent
developments of the theory may require a modification, and then it is as well to
remember that there are other forms of the theory perfectly consistent with the

general relations of the electromagnetic field, both as regards its general and
dynamical aspects.
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It is hoped in a future communication to examine in detail some of these
alternative expressions for the momentum, but so far the results obtained are not of
sufficient interest to warrant their discussion at the present stage.

15. It may now be convenient to summarise the conclusions and results of our
discussion. The differential theory of MAXWELL as expressed in the usual way by
the equations

.
+ 0, —,w) Cul B=-L%8  divD =,

dD

Curl H = — (olt

is supplemented by the addition of an equation expressing the rate of change of the
magnetic force

JH _dB_,_dl -
S d — 4 ;lz—ém' Curl [1v,,]

this equation being analogous to that expressing the rate of change of electric
displacement

dD _ 1 dB dP

7 om ot +Curl [Py, ].

The fundamental dynamical equations are then derived by a variational principle
equivalent to the principle of Least Action in dynamics; in this discussion the
assumption of a definite electronic constitution for the dielectric and magnetic
polarisations is specially avoided in order to bring out certain points of the theory
which have not previously received adequate treatment. In this way, in addition to
deriving the equation

it can be proved that the forces on the media occupying the field consist of several
distinet parts. There is firstly a part
F+10,B]
P< +E[Vm ])
due to the free charges associated with the typical point of the matter and a part
-[0, B]
¢ ’

due to the true conduction current. Due to the dielectric polarisations there 1s a
part whose @ component is

e[ 5] L0
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and the magnetic polarisations give rise to the analogous terms

1[dl 1/p oE
(9 B—7| 7, 8= ([0 52
With the exception of the magnetic terms these results are in general agreement with
those usually derived on the basis of the electronic theory, and the discrepancy in the
magnetic terms is proved to arise from the inadequacy of the treatment of the
magnetic relations in that theory, no allowance being made in it for the convection of
the magnetic polarisations.

The results derived from the dynamical theory are then examined in connexion
with the usual developments of the theory in regard to radiation phenomena, to the
energetic relations of the magnetic media and, finally, to the fundamental problem of
the representation of the forces in the field, as an applied stress system and the
subsidiary question of electromagnetic momentum. In regard to each of these results
are derived which do not differ materially from those usually given, but the slight
discrepancies in each case, although probably of little or no practical significance,
prove ultimately to be of theoretical importance as helping to justify the fundamental
equations on which they are based. The auxiliary conception of electromagnetic
momentum 1s not however completely attained under the most general conditions,
although it will still remain to enable us to obtain an effective mode of expressing
certain results of the simpler theory; it is probably present in no other capacity in
former interpretations of the theory so that this is hardly a disadvantage of the present
formulation.

The present theoretical relations require, of course, to be supplemented by the usual -
empirical laws for the induction of the two polarisations and the conduction current.
We have however specially refrained from introducing these relations as it was desired
to emphasise the fact that the theory in its complete form is entirely independent of
these laws, so that for example it necessarily covers the most complex fields,
involving ferromagnetic inductions and polarisations. If we interpret the theory as
determining the electrodynamic changes in the system during its transition from one
configuration to another even the presence of hysteritic qualities in the inductions
will not vitiate its validity. This is, of course, no special advantage attaching
to the present form of the theory as it is in reality fundamentally inherent
in every interpretation, although it may be hidden by the particular form of
expression adopted.
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